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Abstract – The free decay of MHD turbulence at large Reynolds numbers is studied numerically
using a shell model. We study the statistical properties based on a representative sample of
realisations (128 realisations for each type of initial conditions) over a period of 105 large-scale
turnover times. The performed simulations show that the free-decaying nonhelical MHD turbulence
can demonstrate two diﬀerent scenarios of evolution in spite of similar initial conditions. Within
the first scenario, the cross-helicity accumulation is so fast that the energy cascade vanishes
before significant magnetic energy dissipates. Then the system approaches the state of maximal
cross-helicity. Within the second scenario, the cascade process continues to remain active until
time 104 in units of large-scale turnover time. Then the magnetic field becomes vastly helical
due to magnetic helicity conservation. Thus the magnetic energy does not dissipate with kinetic
energy.
c EPLA, 2010
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Introduction. – Free-decaying magnetohydrodynamic
(MHD) turbulence provokes interest for two main reasons.
First, it raises the possibility of application to the physics
of the interstellar medium and cosmology in the context
of evolution of the primordial magnetic field and its
contribution to the present configuration of the magnetic
field in the Universe. Second, the MHD turbulence diﬀers
from the conventional turbulence of incompressible ﬂuids
by an extended set of conservation laws, which form the
basis of diverse scenarios of free evolution of turbulent
motion. This is a strong fundamental motivation for
studying this problem.
Three ideal quadratic invariants are known in 3D
incompressible magnetohydrodynamics: the total energy
E = E u + E b , the cross-helicity H c = v · b and the
magnetic helicity H b = a · b, where E u = |v|2 /2,
E b = |b|2 /2, v is the velocity filed, b is the magnetic
field, a is the vector potential (b = ∇ × a). The crosshelicity characterises the correlation between the velocity
and magnetic-field pulsations, and magnetic helicity characterises the correlation between the magnetic field and its
vector potential. For the nonhelical case (H b = H c = 0),
the decay law for the total energy of the isotropic MHD
turbulence with equidistributed magnetic and kinetic
energy (E b (k) ≈ E u (k)) tends to E(t) ∼ t−1 [1], which
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remains essentially slower than the decay of conventional
turbulence, for which E(t) ∼ t−2 .
The relation between the spectral density of magnetic
helicity and the spectral density of magnetic energy
|H b (k)|  k −1 E b (k) disables the direct spectral transfer
of magnetic helicity to small scales [2]. Thus the magnetic
helicity condenses in the largest scale (smallest k) and
holds there the corresponding part of magnetic energy.
Then, the energy ratio Γ = E u /E b goes down, and the
spectral energy ﬂux decreases along with the energy dissipation rate. Biskamp and Muller [1] showed that, for finite
magnetic helicity, the energy dissipation rate is governed
by H b and Γ as ε = dE/dt ≈ Γ1/2 (1 + Γ)−3/2 E 5/2 /H b .
By making use of the numerical result Γ(t) ∼ E(t),
they derived for Γ ≪ 1 an asymptotic law E(t) ∼ t−0.5 .
Campanelli [3] specified that the kinetic energy decays
as E u (t) ∼ t−1 in both the nonhelical and helical cases,
while the magnetic energy follows the kinetic energy
in the nonhelical case E b (t) ∼ E u (t) ∼ t−1 and decays
as E b (t) ∼ t−0.5 in the helical case independently of
the initial conditions. Direct numerical simulations [1,4]
confirmed this phenomenology at relatively short time
intervals (up to about 10 large-scale turnover time),
available for computer modelling.
It is generally believed that for fully developed isotropic
MHD turbulence there are no reasons for essential correlation between the pulsations of velocity and magnetic
field (which means a noticeable level of cross-helicity).
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However, the discovery of the highly correlated pulsation
of velocity and magnetic field in the solar wind [5] awoke
the interest in cross-helicity. As far back as 1980 the analysis of energy evolution in free-decaying turbulence showed
that the cross-helicity decays more slowly than energy;
therefore the correlation between v and b, characterised
by the normalised cross-helicity C = H c /E, can grow over
time in free-decaying MHD turbulence [6].
The inﬂuence of cross-helicity on the forced MHD
turbulence was studied in [7] in the context of the Alfvenic
turbulence. Using a closure model it was shown that the
system tends to a steady state, in which the correlation
coeﬃcient is much higher than the ratio of the helicity to the energy source injection rates. It has been also
determined that the energy spectrum of correlated MHD
turbulence becomes steeper. The role of cross-helicity in
stationary forced isotropic (not Alfvenic) MHD turbulence
has been studied by Mizeva et al. [8]. It was shown that the
injection of cross-helicity suppresses the spectral energy
transfer and leads to energy accumulation in the turbulent
ﬂow. Then the spectrum becomes steeper and the intermittency decreases. In the case of stationary forcing with
uncontrolled injection of cross-helicity, C displays nontrivial behavior with long periods of high variability alternating with periods of almost constant C [9].
Turning back to decaying turbulence, let us note that
cosmological applications require the consideration of a
very long-term evolution of MHD turbulence —the age of
the Universe calculated in the unit of turnover time for
the largest galactic turbulent scale (τ ≈ 107 years) gives
T ≈ 104 , which is about 100 times longer than the best
DNS range. The required time series can be considered
in the framework of shell models of turbulence. Being an
ultimate simplification of the original Navier-Stokes equations, shell models strictly provide the required conservation laws, which are of special interest in the problems
under discussion. For the first time, the long-time evolution of free-decaying MHD turbulence has been considered by Antonov et al. [10]. Using the shell model of
MHD turbulence introduced by Frick and Sokoloﬀ [11],
they performed 24 runs of long-time simulation (up to t =
104 large-scale turnover time) with similar initial conditions. The developed Kolmogorov’s turbulence with weak
magnetic field was taken as an initial condition of the
simulations. There was no special control of helicities. A
coherent state with high alignment between the magnetic
and velocity fields, and essential reduction of the dissipation rate, were obtained for most realisations. At the same
time, there were a few realisations that displayed diﬀerent
behaviour, characterised by a low level of cross-helicity.
In this paper we re-examine the long-time free decay
of MHD turbulence in the framework of shell models. In
contrast to previous work, we use a new (helical) shell
model of MHD turbulence, introduced in [8], and we study
in detail the role of magnetic helicity and cross-helicity in
the evolution scenario. We use a massive computer cluster
which allows us to consider the statistical properties

based on the representative sample of realisations (128
realisations for each type of initial conditions).
Shell model for helical MHD turbulence. –
Shell models describe the dynamics of fully developed
MHD turbulence through a set of complex variables Un ,
Bn , which characterise the amplitudes of velocity and
magnetic-field pulsations in the shell of wave number
kn < |k| < kn+1 , where kn = λn (λ is the shell width in
a logarithmic scale). The total energy in terms of shell
model is obviously the sum of the kinetic
and magnetic

energy of individual shells E = (|Un |2 + |Bn |2 )/2.
The 
cross-helicity is defined in a similar way as
H c = (Un Bn∗ + Bn Un∗ )/2. The definition of magnetic
helicity is not so evident. The most popular MHD shell
models [11–13] introduce the magnetic helicity as H b =

(−1)n |Bn |2 /kn , which associates the magnetic energy of
a given shell with a positive or negative magnetic helicity.
Then the nonhelical state can be obtained only through
the balance of magnetic energy in the even and odd shells.
The helical shell model for hydrodynamical turbulence
had been suggested by Benzi et al. [14] and introduces
twice more variables. It was generalized later for the
MHD case by Lessinnes et al. [15]. Following another idea
used for the hydrodynamical 
helicity in [16], we define the
magnetic helicity as H b = kn−1 ((Bn∗ )2 − Bn2 )/2. This
definition allows us to get helicity of any sign in any shell.
Recent studies of the helicity cascades demonstrate the
similarity of the result which was obtained using both
approaches [17,18]. So we use the model introduced in [8]:
dt Un = ikn (Λn (U, U ) − Λn (B, B)) −

kn2 Un
,
Re

(1)

dt Bn = ikn (Λn (U, B) − Λn (B, U )) −

kn2 Bn
,
Rm

(2)

where the nonlinear terms are written as
∗
∗
r
Λn (X, Y ) = λ2 (Xn+1 Yn+1 + Xn+1
Yn+1
) − Xn−1
Yn
r
i
r
i
i
r
− Xn Yn−1
+ ıλ(2Xn∗ Yn−1
+ Xn+1
Yn+1
− Xn+1
Yn+1
)
∗
∗
r
r
+ Xn−1 Yn−1 + Xn−1
Yn−1
− λ2 (Xn+1
Yn + Xn Yn+1
)
i
r
i
i
r
+ ıλ(2Xn∗ Yn+1
+ Xn−1
Yn−1
− Xn−1
Yn−1
);

the star means complex conjugation, and superscripts
r, i are the real and imaginary parts. Re and Rm are
the kinetic and magnetic Reynolds numbers. In the limit
Re, Rm → ∞ these equations (1) and (2) conserve the
total energy, the cross-helicity, and the magnetic helicity.
Time is measured in dimensionless units equal to the
eddy turnover time on the shell n = 0 (k0 = 1), which
corresponds to the largest scale of the system. For the
case of hydrodynamics, L’vov et al. [19] suggested
√ the
parameter λ to be equal to the golden number (1 + 5)/2
for optimal spectral resolution which is also successfully
applicable for MHD turbulence [20].
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Fig. 1: (Colour on-line) Evolution of the compensated power
spectrum, averaged on 128 realisations: t = 1, 10, 100, 103 , 104
(from top to bottom).

(b)
1.0

Numerical results. – Equations (1) and (2) were
integrated for 0  n  40 up to the time t = 105 , when any
turbulent transfer has been finished and only the pure
exponential energy decay remains in the largest scales.
In all simulations, λ = 1.618 and Re = Rm = 105 . First
we consider the decay of fully developed turbulence with
b
vanishing helicities H c and
√ values of the
√ H . The initial
shell variables are U0 = −ı 2 + δ, B0 = 2 + δ, where δ is
a random complex additive with the real and imaginary
parts in the range [−10−4 , 10−4 ], and Un = Bn = 0 for
the other shells (n > 0). It corresponds to the initial
state with E u ≈ 1, E b ≈ 1 and a small quantity of the
helicities, |H c |  10−4 , |H b |  10−4 . We checked that the
distributions of the initial helicity values are symmetric
with respect to zero.
The inertial range with a Kolmogorov “−5/3” power
law is formed at about the turnover time of the vortex
of maximal scale (t ≈ 1). In fig. 1 we present the energy
spectrum averaged on all the 128 realisations at diﬀerent
stages of evolution. The spectrum is compensated by
k 2/3 which leads to a horizontal line for the Kolmogorov
spectral law. The inertial range practically disappears at
time t ≈ 103 , although the sagging in the middle part of
the spectrum indicates that there are some realisations in
which the energy is present at relatively small scales.
Figure 2(a) shows the evolution of the total energy in
the entire totality of realisations. We see that similar initial
conditions lead to diﬀerent scenarios in the evolution of the
system. At the early stage of development (in the periods
from several units to several tens of units) the bundle of
trajectories remains suﬃciently dense and is limited by
the power laws E(t) ∼ t−1 and E(t) ∼ t−1/2 , shown in the
figure by dashed lines. Note that these are two power laws
suggested for the decay of nonhelical and helical MHD
turbulence (in the sense of magnetic helicity) [3]. At the
next stage (50 < t < 1000), the bundle of trajectories is
bounded from below by a power law as before (but steeper
like E(t) ∼ t−2 ), while from above separate trajectories
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Fig. 2: (Colour on-line) Evolution of the total energy (a) and of
the normalised cross-helicity (b). 128 realisations with similar
initial conditions.

leave the bundle practically horizontal, which indicates
the vanishing cascade of energy and transition to the
exponential dissipation of the energy.
The variety of scenarios of the evolution confirms
fig. 2(b), in which we show the evolution of the normalised
cross-helicity C. The quantity C = H c /E characterizes the
part of energy concentrated in the correlated pulsations of
velocity and magnetic field. The limit C → ±1 corresponds
to a completely correlated state (Un = ±Bn ), in which the
nonlinear energy transfer is blocked. Figure 2(b) shows
that the main part of the trajectories reaches this state
in the range of time 100 < t < 1000, but there are some
trajectories (about 10–15%) for which the evolution of C
stops at some arbitrary level.
Figure 3(a) shows that the cross-helicity H c can be
generated, in contrast to energy which can only decay.
The active cross-helicity production is mostly observed
until t ≈ 102 . In some realisations the cross-helicity reaches
a level |H c | ≈ 0.2. The source of the cross-helicity in the
free-decaying evolution can be the dissipation term only.
In fig. 3(b) we present the evolution of the cross-helicity
spectrum for one realisation (namely, we took the realisation that corresponds to the lowest trajectory in fig. 3(a)).
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Fig. 4: (Colour on-line) Normalised cross-helicity C vs.
normalised magnetic helicity C b for diﬀerent realisations at
t = 102 (crosses), t = 103 (open circles) and t = 104 (full circles).
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Fig. 3: (Colour on-line) Evolution of the cross-helicity H c for all
realisations (a) and the spectral distribution for a single realisation at times t = 0.8, 0.9, 1, 5 (lines from bottom to top) (b).

One can see that the most intensive production of the H c
happened at the dissipation scale. Then nonlinear terms
transfer H c to the largest scale like an inverse cascade.
Note that in contrast to the curves in fig. 1, the lower
curves in fig. 3(b) correspond to earlier moments of time.
The same high sensitivity of C to the initial conditions
had been noted in [21].
The cross-helicity, which can be produced in the smallest scales by dissipation, is transported towards large
scales through the inertial range. Then the spectral energy
ﬂux is considerably reduced depending on the level of accumulated cross-helicity in a given realisation. This leads
to the blocking of the turbulent energy cascade, which
occurred in diﬀerent realisations at substantially diﬀerent
moments in time and with substantially diﬀerent values
of the remaining total energy (see fig. 2(a)). However, the
growth of the normalised cross-helicity does not result in
the completely correlated state C = ±1 for all realisations
(see fig. 2(b)). Some realisations continue to stay at values
in the range −1 < C < 1. These realisations develop a
highly helical magnetic field. The magnetic helicity (which
is weak at the initial state) does not cascade to small
scales and practically does not dissipate. This has been

demonstrated through various studies starting from [2].
If the energy transfer (and dissipation) is not blocked by
the cross-helicity, only the magnetic field with maximal
helicity survives at the late stage of the evolution.
The tendencies of correlation evolution are illustrated in
fig. 4, in which the distribution of the realisations is shown
on the (C b , C)-plane at diﬀerent moments in time (here
C b = H b /(k0 E b )). All realisations start from the origin of
the graph (at t = 0). At the first stage (up to t ≈ 100),
points scatter along the vertical line, showing the rapid
increase of |C|. Several realisations (≈ 10%) deviate from
the axis C b = 0. At the time t = 103 , this set of points
forms a cloud in the center of the plane, while the remaining points are concentrated on the lines C = ±1. At the
late stage (t = 104 ), practically all points are on the lines
C = ±1 or C b = ±1. The first case (C = ±1) means that
the magnetic and velocity fields are completely correlated,
while the second case (C b = ±1) means that only the helical magnetic field remains at the largest scale. We note
that there is not any correlation between an initially small
value of the helicities and a final state with C ± 1 or
C b = ±1.
Figure 5 shows the relation between the kinetic and
magnetic energies for all runs at diﬀerent times. One can
see that both energies scatter randomly from 0.01 to 0.1
at the early stage (t = 100). At time t = 103 , the kinetic
and magnetic fields approach the equipartition state (Un =
Bn ) and the points mainly lie close to the line E b = E u . At
the late stage (t = 104 ) some points move away from this
line. These points correspond to realisations that follow
the second scenario, in which the kinetic energy continues
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Fig. 5: (Colour on-line) Magnetic energy E b vs. kinetic energy
E u for diﬀerent realisations at t = 102 (crosses), t = 103 (open
circles) and t = 104 (full circles).

Fig. 6: (Colour on-line) Evolution of normalised cross-helicity
in a sample of 128 realisations in the system with extended
large-scale spectral range (kmin = 0.1).

all. Only C ≈ 0.1 is enough to exclude the appearance of
to decay while the magnetic one, being helical, does not the second scenario.
change (C b = ±1).
We stress the point that the dynamics of helicities has
a significant inﬂuence on the evolution of free-decaying
Discussion and conclusions. – The performed simu- MHD turbulence. Our understanding is based on the
lations show that the free-decaying nonhelical (H b ≈ idea of the inverse cascade of magnetic helicity [2] which
0, H c ≈ 0) MHD turbulence can demonstrate fundamen- has been confirmed by numerous simulations [4,12,22–24].
tally diﬀerent ways of evolution in spite of similar initial Alexakis et al. [24] reported that smaller-in-amplitude
conditions. We distinguish two scenarios of evolution. direct cascade is observed from the largest scale to small
Within the first scenario, the cross-helicity accumulation is scales. This may be the result of an insuﬃcient inertial
so fast that the energy cascade vanishes before significant range resolution, in which forcing and dissipation scales
magnetic energy dissipates. Then the system comes to a are not well separated. In shell models, the Reynolds
state with C = ±1 and the value of C b depends on the rest number is always quite large (105 or more) and the
of the magnetic energy. Within the second scenario, the direct cascade of magnetic helicity was never observed.
cascade process remains active until the late time t ∼ 104 , From the other perspective, a shortcoming of shell models
when the magnetic field becomes vastly helical and later is ignoring the nonlocal (in scales) interactions, due to
the magnetic energy does not dissipate with the kinetic which a weak direct cascade of magnetic helicity may
energy. Then the system comes to the final state with occur. This shortcoming can be overcome in the framework
C b = ±1 and an arbitrary value of C.
of shell models —a detailed study of the shell-to-shell
Comparison of the results with a direct numerical simu- interactions [25] gives the basis on which to build a
lations is hardly possible, because in high-resolution DNS nonlocal MHD shell model [26].
the reachable time is typically less than 100 dimensionless
Finally, we note that the relationship |H b (k)| 
−1 b
units. Shell model simulations have shown that the diﬀer- k E (k) indicates that the character of the evolution
ence in the evolution scenario is well pronounced after 103 can be changed substantially if the magnetic helicity
can move to scales larger than the scale in which the
units of time (see fig. 5).
The probability of appearance of both scenarios depends energy is concentrated at t = 0. To examine this case,
on the presence of the helicities H c and H b in the initial we extended the range of scales into the red part of the
distribution. We performed simulations with initial condi- spectrum (wave numbers k < k0 ), simulating eqs. (1)
tions E u (k0 ) = E b (k0 ) = 1 and some given value of C or and (2) for −5  n  35. This means that the maximal
C b in all the 128 realisations. It was found that the pres- scale accessible for the turbulence becomes about 10 times
ence of even a small portion of magnetic helicity substan- larger than the scale in which the energy is set at the
tially increases the probability of the second scenario: initial state (kmin ≈ 0.1k0 ). The result of the simulation
C b = 0.01 at t = 0 leads the second scenario being devel- is shown in fig. 6. In contrast to fig. 2(b), there are no
oped in half of the cases, and an initial value C b = 0.05 more realisations that avoid the completely correlated
leads to the likelihood that practically all realisations will final state. The inverse cascade of magnetic helicity to
follow the second scenario. The presence of cross-helicity k < k0 leads to the fact that an increasingly smaller part
at the beginning of the evolution is not so crucial (because of magnetic energy is blocked at the largest scales, being
the turbulence itself generates cross-helicity). C = 0.01 at excluded from the direct energy cascade to small scales.
t = 0 does not change the distribution of trajectories at In this case the modulus of C b is limited by k0 /kmin and
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the probability of the second scenario (with highly helical
magnetic field) vanishes with the decrease of kmin .
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